Abstract. We check that there exists a structure of model category on the category of flows whose weak equivalences are the S-homotopy equivalences. This model structure is simplicial, but not topological.
Introduction
The category of compactly generated topological spaces admits two traditional structures of topological model category.
The first one was introduced by Quillen in [Qui67] : the weak equivalences are the weak homotopy equivalences, the fibrations are the Serre fibrations, that is the continuous maps satisfying the right lifting property with respect to the inclusions D n × {0} −→ D n × [0, 1] for n 0 where D n is the n-dimensional sphere and the cofibrations are the retracts of transfinite compositions of pushouts of the inclusions S n−1 ⊂ D n for n 0 where S n−1 is the (n − 1)-dimensional sphere. Any space is fibrant for the Quillen model structure and the cofibrant spaces are the cellular spaces and their retracts.
The second one was constructed by Strøm in [Str72] (after [Str66] [Str68]): the weak equivalences are the homotopy equivalences, the fibrations are the Hurewicz fibrations, that is the continuous maps satisfying the right lifting property with respect to the inclusions M × {0} −→ M × [0, 1] for any topological space M and the cofibrations are the NDR pairs. Any space is cofibrant and fibrant for the Strøm model structure.
The analogue of the Quillen model structure for the category of flows is the simplicial model structure constructed in [Gau03d] . The fact that it is simplicial is checked in [Gau03a] . The weak equivalences are the weak S-homotopy equivalences, that is the morphisms of flows f : X −→ Y inducing a bijection between the 0-skeletons and a weak homotopy equivalence Pf : PX −→ PY at the level of path spaces. The fibrations are the morphisms of flows having the right lifting property with respect to the morphisms of flows Glob(D n × {0}) −→ Glob(D n × [0, 1]) for n 0.
The purpose of this short note is the construction of the analogue of the Strøm model category structure for the category of flows. More precisely, we are going to prove that: All proofs of this note follow either a proof of [Str66] [Str68] and [Str72] (Section 4), or a proof of [Col99] (Section 5). The whole construction of Strøm does not seem to be adaptable to the category of flows because it is unknown how to construct for a given "NDR pair" of flows (X, A) the analogue of the characterization of NDR pairs of topological spaces using a height function µ : X → [0, 1]. It is actually not even known whether the class of cofibrations of the Cole-Strøm model structure is the whole class of morphisms of flows satisfying the S-homotopy extension property, or only a proper subclass. Cole's work provides an extension of the results of Strøm to any topological bicomplete category satisfying one additional hypothesis (Theorem 5.2). The category of flows satisfies the axioms of topological bicomplete category only for nonempty connected topological spaces (cf. Theorem 2.8). Moreover, the Cole additional hypothesis involves colimits and the behavior of these latter are very different in the category of flows from their behavior in the category of topological spaces. So we have to check here that all Cole's key arguments are still true.
The results of this note become easy to establish once we know Cole's work. Their interest is to shed some light on the notion of S-homotopy : see the concluding discussion. I thank very much Peter May for answering my questions and for sending me the unpublished work of Michael Cole.
Reminder about the category of flows
The category Top of compactly generated topological spaces (i.e. of weak Hausdorff k-spaces) is complete, cocomplete and cartesian closed (more details for this kind of topological spaces in [Bro88, May99] , the appendix of [Lew78] and also the preliminaries of [Gau03d] ). Let us denote by TOP (X, −) the right adjoint of the functor − × X : Top −→ Top. For the sequel, any topological space will be supposed to be compactly generated. Definition 2.1. A flow X consists of a topological space PX, a discrete space X 0 , two continuous maps s and t from PX to X 0 and a continuous and associative map * : {(x, y) ∈ PX × PX; t(x) = s(y)} −→ PX such that s(x * y) = s(x) and t(x * y) = t(y). A morphism of flows f : X −→ Y consists of a set map f 0 : X 0 −→ Y 0 together with a continuous map
The corresponding category will be denoted by Flow. (1) The 0-skeleton of {U, X} S is X 0 .
(2) For α, β ∈ X 0 , the topological space P α,β {U, X} S is TOP(U, P α,β X) with an obvious definition of the composition law.
Theorem 2.7.
[Gau03d] Let U be a topological space. The functor {U, −} S has a left adjoint which will be denoted by U ⊠ −. Moreover one has (1) one has the natural isomorphism of flows
another topological space, one has the natural isomorphism of flows
(4) for any flow X and any topological space U , one has the natural bijection of sets
as flows
The category of flows is neither tensored nor cotensored. Indeed, the following theorem holds only for connected non empty topological spaces:
Theorem 2.8. [Gau03d] Let U be a connected non empty space. Let X and Y be two flows. Then there exists a natural isomorphism of sets
However, the adjunction between U ⊠ − and {U, −} S implies anyway: (1) The exists a morphism of flows k making commutative the diagram 
The classes of cofibrations and fibrations
such that H(0) = f and H(1) = g. We denote this situation by f ∼ S g. 
there exists g making both triangles commutative. 
Lemma 4.4. Let i : A → X be a S-homotopy equivalence satisfying the S-homotopy extension property. Then there exists r
Proof. Let g be a S-homotopic inverse of i : A → X. By hypothesis, there exists h :
The mappings h and g induce a morphism of flows h :
Since i : A → X satisfies the S-homotopy extension property, then the morphism of flows h can be extended to a morphism of flows 
Then consider the commutative square Proof. Consider a commutative diagram like 
is equivalent to considering a morphism of flows
And finding k making both triangles of the diagram commutative is equivalent to finding k such that the diagram 
commutative if and only if there exists k making the diagram Proof. Consider a commutative diagram of flows as follows:
where p is a trivial Hurewicz fibration of flows. One has the isomorphism of flows
Let β be the composite
Then consider the commutative diagram of flows:
By Lemma 4.12, there exists k making both triangles commutative. Hence the result by pasting k and β. 
, finding k making the diagram above commutative is equivalent to finding k making the following diagram commutative:
The left vertical arrow is a Hurewicz cofibration by Lemma 4.10. The right vertical arrow is a trivial Hurewicz fibration by Lemma 4.8. Hence the result. 
is a pullback of flows.
Proof. The first point is that the Cole hypothesis holds for the category of compactly generated topological spaces, as already remarked by Cole himself in [Col99] . Indeed in the category kTop of k-spaces, the functor kTop/W −→ kTop/Y induced by the pullback has a right adjoint, and therefore it commutes with all colimits [BB78b] [BB78a] [Lew85] . So in the category of compactly generated topological spaces (i.e. the weak Hausdorff k-spaces), since the colimit lim − →n Z n is the colimit of a ℵ 0 -sequence of closed inclusions of topological spaces, the same property holds.
Let us come back now to the category of flows. The underlying topological space of a flow is compactly generated. Since the ζ n are trivial Hurewicz cofibrations of flows, they induce bijections between the 0-skeletons of Z n and Z n+1 . So (lim − →n Z n ) 0 = lim − →n Z 0 n =: Z 0 . Again since the ζ n are trivial Hurewicz cofibrations of flows, then they satisfy the S-homotopy extension property and therefore they induce closed inclusions of topological spaces Pζ n : PZ n −→ PZ n+1 [Gau03d] . There exists a canonical continuous map lim − →n PZ n −→ P(lim − →n Z n ). Let γ ∈ P(lim − →n Z n ). Then γ = γ 1 * · · · * γ p for γ 1 ∈ Z n 1 , γ 2 ∈ Z n 2 , ..., γ p ∈ Z np . So γ ∈ Z sup(n 1 ,...,np) . Therefore the continuous map Pζ n : PZ n −→ PZ n+1 is actually a bijection. And since the inclusions Pζ n : PZ n −→ PZ n+1 are closed, the colimit lim − →n PZ n in the category of compactly generated topological spaces coincide with the colimit in the category of k-spaces. Therefore lim − →n PZ n is equipped with the final topology and one has the homeomorphism lim − →n PZ n ∼ = P(lim − →n Z n ). One has the pullbacks of sets
And one has the pullbacks of topological spaces (cf [Gau03d] for the construction of limits in the category of flows)
so the canonical continuous maps PX n −→ PX n+1 are closed inclusion of topological spaces for any n 0 since PW is compactly generated [Lew78] . Therefore one has the homeomorphism lim − →n PX n ∼ = P(lim − →n X n ). Since the Cole hypothesis holds for compactly generated topological spaces, one obtains the pullback
Hence the result. 
It defines Z n+1 , γ n and h n+1 . It remains to prove that γ n is a trivial Hurewicz cofibration of flows and that lim − →n h n : lim − →n Z n −→ Y is a Hurewicz fibration of flows. Since γ n : Z n −→ Z n+1 is a pushout of i 0 : N h n −→ [0, 1] ⊠ N h n , then γ n satisfies the LLP with respect to any Hurewicz fibration of flows, so in particular with respect to the trivial ones. So γ n is a Hurewicz cofibration of flows. And γ n is a S-homotopy equivalence by Lemma 4.15.
For any n, one has the pullback of flows
Thanks to Theorem 5.2, one obtains the pullback of flows 
It is clear that λ can be given as the colimit of the compositions Definition 5.6. We call this model structure the Cole-Strøm model structure.
Simplicial enrichment
We already saw that the Cole-Strøm model structure cannot be topological. However, it is simplicial. Recall that: It would be interesting to build, by starting from the analogue of the Quillen model structure for Flow, another model structure including the class of T-homotopy equivalences in the class of weak equivalences. The study of this Bousfield localization is postponed to another paper.
